Functions and Graphs
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3. (a) G()=f(X)+F(=x), G(x)=F(=x)+f(x), L G()=G(=x)  and G(x)iseven,
H) = ) = F(ox),  H(=X) = f(=x) = f(x), SHE)=-HK)  and HX) s odd.
(b) f(x)= ) +2f(—x) L) =T (=x) , which is the sum of an even and an odd function.
4. (@) sin®(x+m) =(sinx)’=sin’x. .. sin’x is periodic and the smallest period is .
(b) sin (x%) is not periodic.
© ) 2¢ (i) =2
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@ fx+y)=fx)gy)+g(x)fy) ;  gx+y)=g(X) gly) - f(x) f(y)
Put x=y=0, f(0)=2f(0)g(0).... (1); g(0)=[gO)*-[fO)F ...Q2)
From (1), f(0)[1-29(0)]=0 = f(0)=0 or g(0)=1/2

If g(0)=1/2, from(2), 1/2 =14-[f(0)]%, [f(0)]?=-1/4, which has no solution.
f(0)=0, then from(2), g(0)= [9(0))® =g(0)=0 or g(0)=1

However, if f(0)=0 and g(0)=0, we have

g(x) = g(x + 0) = g(x) g(0) + f(x) f(0) = 0, hence g(x) =0, contradicts with assumption.
f0)=0 and g(0)=1

(b) f°(0)=1 g'(0)=0

- Iirnf(O+h)—f(O) f(h) Iimg(0+h)—g(0):“mg(h)—l Iimw .1

=lim =1, =0, =lim—=0
h—0 h h—0 h h—0 h h—0 h h—0 h h*)Oh
O 100t O FROUOEGOOD) gy D 5 1)
=f(x) x 0+ g(x) x 1 = g(x)
(i) g.(X):|hmgg(x+h;—@J(X) i 0Q(X)Ql(h)hf(X)f(h) (X)“mg() f(x)Ling?

=g(X) x 0—f(x) x 1 =—1f(x)

() From (b), f"(X)=g’(x)=-f(x), .. f(x)=Kkycosx +k;sinx,

f(0)=0,f(0)=1 = ki =0,k,=1 - f(x) = sin x
From (b), g”(xX)=-f"(X)=-g(x), .. g(x)=Kkscos X + kg4 sinx,
g0=1,9'1=0 = ky=1,ks=0 . g(x) =cos x.

f,g areeven = f(-x)=f(x) and g(-x)=gxX) = f(-x)+g(-x)=f(x)+g(x) = f+g iseven.

Let h(x)= > ax’, then h(x)= Da,(-x)" =Y ax® =h(x), .. Y ax* iseven.
i=0 i=0 i=0

(a) False, fx)=x isodd, f(x)=|x|.

(b) True, h(x) = %[g(x)+g(—x)], h(-x) = %[g(—x)+g(x)] =h(x), ..h(x) iseven.



(c) True, If f isinjective,then f(x))=f(x)) = Xi1=X.
If f iseven, then f(-x)=1f(x), but by the injective property, we have -x=x, x=0.
This leads to contradiction unless the domain of = {0}.
(d) True, If f isincreasing, xi<X, = f(X1) <f(xy).
If x>0,wehave f(-x)<f(x). If x<0,wehave f(-x)>f(x).
In both cases, we don’t have f(-x) =f(x) and f isnoteven.
() If f,g areincreasing,then Xx;<x, f(x))<f(xy) and g(X1) <g(x2).
Obviously, f(x1) + g(x1) < f(x) +g(xz). .. f+g isincreasing.
fg isnotincreasing, f(x)=x, g(x)=x> areincreasing, but f(x)g(x)=x* is not increasing.

fog isincreasingsince x;<x; = g(X1)<g(x2) = f(g(x1)) <f(9(x2)) .

9.
(@) y=x>+x, ) y=6—X Max:(\/g,\/g),Min:(—\/g,—\/g) O y=x—l
y'=3x2 + 1, y” = 6X x?+3 Inflexion :(0,0), Asymptote : y = 0 NG
Intercept & Inflexion: (0,0) | | x* -3 Symmetric about origin. . 2-X ., 2(x-3)
’ y=—m = x* a x*
2 o 12x(x +3)(x - 3) Tl | Max (2, 1/4)
! Y= (x? +3)° I B R A A R Asymptotes :
1 RN Intercept : (0,0) I —— x=0andy=0
: 3 Inflexion (3, 2/9)
| -3
Intercept (1,0) @ yox+ds 4 | () xX*-y*=2°
E x—1 1 \ Intercept (2,0),(0,-2)
i . (x+1)(x-3) 19\ Asymptote: y = x
e e = 5 c
; R ) S B Y
|1 Intercept (-1,0) - 110
Max (-1,0), Min (3, 8) ya
Asymptotes : x =1, Oblique asymptote: y=x+3 ’ ‘
® y= 2X3 Max = (— \/§,—§\/§j : \\
x®-1 2 1L
S i (34) 2
(x-1)"(x+1) 2 !
o 2x(x? +3) Inflexion : (0,0) )R I Y I
C(x=1P(x+1)° Asymptotes: : \
Intercept:(0,0) X=%1, y=x F\\ 3
Symmetric about origin \ N
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10. y=(2x-1)"*(x-1)** = -
y ( ) ( ) 3(X_1)l/3(2X_1)2/3 y 9(X_1)4/3(2X_1)5/3

X | (o0,12) | 12 |2,23)] 2/3 |(2/31)] 1 |(1,+w) g Vi
y’ + +00 + 0 - +o0 + 15
1
y - too + + + +00 + -
MaX [E,lj Mln (1 , 0) -2/ -15 -1/ -05| O| 0. 1 15 20 25 x
33 05
o 1 /
Point of inflexion : [—,0) 15
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11. Therequiredarea A= |[xje™ = Xeo x= 0
-xe™ ,x<0 y
1 %2 2 1 1
A=7e(2x*-1)=0 =x=¢+ >
2 1 (o] 1 2 X
A'=+2e ' x(2x? -3) = A" 1 <0
X==x,|— 1
2
1 - 1
Max of A= \/:ez at  x=+,]—.
2 2

—2x?

The required distance D= Vx’ +e

—2x? 2x? _ )
ot x(e 2)20 ey -2 «— [In2
lxz s 2 2

When x:JIn—2 _ p= M2+l
2 2
When 0<x<IInT2 . D’<0 and when x> /'”72 . D'>0. - Minof D= /In22+1

12. y=e%inpt,  y'=be *“cosbt—be P cota sin bt

(due to symmetry, we take x>0 for simplicity)

d . . . .
d_y =bcsco e ™ (sin o.cos bt — cosasinbt) = —b csc o e sin(bt — o) = b csc o e ™ sin(bt + © — o)
t

2
(:jTZ = besc af be ™™ cos(bt + 1t — o) — b cot e *** sin(bt + 1 — o)

—btcotcx[

=(bcsca)’e sina.cos(bt + m—a)—cosasin(bt + © —a)]

= —(besco)’ e sin(bt + . — 2a.) = (bcsc o)’ e 7 sin(bt + 27t — 201)

_ (n-Yr+a

y'=0 =sin(bt+n-a)=0 = bt+m-a=nr = t where ne Z



13.

() When n=2m-1 (odd), me Z, “M:w ()

d? .
y_(bcsc a)?e e gin(2mm — o) = —(besc o)’ e e sinoL < 0

yismax when t=t,,; asin(l).

. 2m-1)rx +
(i) When n=2m(even), me Z, t =w ..... (2)
2m b
d y 2 —bt cota 2 —bt cota 2 —bt coto
—=(bcsca)’e ™ sin@mr+n—a) =(bcsca) e sin(n—a) = (besca) e sina > 0
yismin when t=t,,, asin(2).
1|
Substitute the values of tyns in y=e ™ “sinbt, we get:
ymax — e—[(2m—2)n+a]cotu Sm[(zm _ 2)TE 4 OL]
_ e—(Zm—Z)ncota{e—ucota sin OL} ..... (3) 15 \
Since t>0, y=e™ isadecreasing function, \\
the largest maximum is e ' “sin ., o 1/1'5/"2 *
where t=o/b where m=1 in(2). /
1.5
,E[
The last part graph is shown on the right above. y=+e 2 are

the envelopes which encloses the curve y = e ™ *sin bt .
(@) y=ax-sinbx, y’=a-bcoshbx ... @
Since —1<coshx<1, therefore y’ isalwaysbetween a-b and a+b.
(b) From (1), y”=b’sinbx=0 = sinbx=0 = bx=nm, where neZ.
x=nn/b , y”=b%cosbx , y”at x=nn/b is +b*=0
When x=nn/b, y=ann/b. (nn/b,ann/b),n e Z are the points of inflexion.
By substitution, points of inflexion (nx /b, anw /b) obviously lieon y=ax.

(c) From(l), y’=0 = coshx=alb, bx=2nn4_rcos’13, x=2%4_r

lcos’13 ,b=0.
b b

L,a T 1 L,a 0w
a,be+R, a<b |, O<cosl—<5 , 0<=cos*t=—<—

b

2
For x:2—;n+%0051%, bx:2nn+cos’l%, sinbx:wfl—%, y' _b21/1——>0
2nm 1 a (2nm 1 a a’ o .
— 4+ Zcost—,a) —+=cos"— |—,/1-— | aremin. points lyingon y=ax— —
b b b b b b b? b
2
For x= Z—Lm—icoslg bx=2nn—cos’1%, sinbx=—1/1—z—2, y' =—b21f1—b—<0
2nt 1 a (2nm 1 a a’ . . a’
T—BCOS E a T—BCOS E + l—F are max. pOlntS Iylng on y=ax+ 1—F
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(d)

(i) For a>h, v (if) For a<h, y
there is no max. and 1: - The graph on the 10 /
min. points. u / right with a=0.7 and 8
The graph on the right | = / b=1. Thelines 6 %/

with a=1.3and “ 4 [ a2 s
b=1 8 / y=axz I_F are also | /

\e

drawn with max. (in

2 hollow dots) and min. (in
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solid dots) shown.

4n

a’(x—a . .
2= ¥ . When x—0, y—o, therefore x=0 isa vertical asymptote.
X
2 2
. . a‘(x-a .
Ilm[xj :I|m¥:0 :m:th:O
X—0 X X—0 X3 X%OOX

2
. . , [ a*(x-a . a
lim(y —mx)=limy =+ [limy? =+ |Im¥ =+ /lima’(1-—) =+va® =+a
X—>0 X—00 X—00 X—>00 X X—00 X

y =+a are oblique aymptotes.
Let (h, k) beapointon the given curve. Differentiate the function, we have

3

dy __a Ly
dx  2yx® dx

a3

(h,K) ~ 2kh?

Let y=mx be the equation of tangent which passes through the origin.

k a° , a’
m=—= f— = — saae 1
h  2kh? 2h @
2 —
But (h, k) is on the curve, we have k* = # ...(2)

3a

Solve (1) and (2), (h, k)= (?,i% 3] and the required tangents are y:i%@x,or y2:2;47x2...(3)

yi=axt o (4) 1

A =a’(x-a) < kxzya{yzaz(xa) 5)

I
X /3

Since (5) is the given curve and in order that A x> = a? (X — a) >><// i //
1
has three real roots as in the graph on the right, 0 < A < 4/27, by ™ 7
4 3 2 1/6\1< 3 X
comparing (3) and (4). It has three roots (x = -3a, 3a/2, 3a/2) if — el |
= s T~

A =4/27 and has only one root if A does not lie between these limits. \_2




d—X=6t,d—y=6t2:>d—y=t

dt dt dx
Let the tangent(s) to the curve pass through a given point (X3, y1) be y-yi=t(Xx—xy).

15. x=3t%, y=2

x=3t%, y=2t isonthistangent. .. 2-y,=t(3-x;) or t-xit-y;=0 ...(1)

(1) isacubic equation in t and in general has three roots. Therefore in general, three tangents to the curve pass
through a given point (X, y1) .

(i) Consider the function y=t—x;t—y; ....(2)

y'=32-x%=0 = t=i‘/% )

.. (3) has a real solution if x; >0, in other words, (2) has turning point(s) if x; > 0.
.. Since the curve (2) cuts the x-axis once if there is no turning point and therefore x; >0 isa

necessary condition for the three tangents to be real.
3

2
(i)  The cubic equation (1) has distinct real roots if and only if );—17 —yTl > 0, which is the sufficient

conditions for the three tangents to be real and distinct.

16. xo=acos’tsint, yp=acostsin’t.

dx ) d ) . dy tant[2cos?t—sin?t
X _acostleos?t-2sin?t] & —asint[2cos?t —sin’t] . [2 — ]
dt dt dx cos“t—2sint

) . ) tant[2cos?t —sin®t i
Equation of tangent is given by: y—acostsin’t= [ ](x—acosz tsint)

cos?t—2sin’t

acostsin® t(cos? t—2sin?t) acos’ tsint

At y=0, X, =acos’tsint— = (1)
' tant(2cos® t—sin® t) 3cos?t—1
2 H 2 H 2 - 2 . 2
Xl(xl_ﬁ):acos tsmt{acos tsint acos tsmt}zl[acos tsmtj [2- (3cos? t—1)]
2 3cos’t—1| 3cos’t—-1 2 2\ 3cos?t-1
1 2tsint) . X, >0 X, <0
_1(acos’ tsint (3sint)’ 20— " or 1
2\ 3cos*t-1 X, =X, /2 X, <X, 12
Y’
In either cases, x; does not lie between 0 and 2. - :j -
2 K/ 0:3 \)
1 en2( dy dxj >
Area= — X——y— |dt
2-[0 ( dt ydt o-ﬁ/
I~ L—
1 o az o 05 -04] 03 -02 61 0O o012 03 04 05x
=—I (azcosztsinzt)dt:—f (sin2t)’dt il
270 g Jo ( /ez \
2 /2 2 /2 2 0.3
=a—J' (1—sin8t)dt:a—[t+cosgtr _m NS N
1670 .6l 8 Jo 32
ax ax 2_2
17. y= ¢, dy_e (ax >§+a)=0 =ax’-2x+a=0
1+ x? dx (1+x2)

The function has turning point if ax’-2x+a=0 has solution, that is,
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A=(-2°-4()@)=41-a)=0 or [d<1.
dy _e* (x2—2x+1) e™(x-1)’

If a=1, — = , there is no sign change about any point on the curve.
dx (1+x2) (1+x?)
ax (2 _ ax 2
If a=-1, Yy _E ( X 25( 1) __° (x +12) , there is no sign change about any point on the curve.
dx (1+x?) (1+x?)

In both cases, the function has no max. or min.
For Jaj<1, let ax*-2x+a=a(x-a)(X-p) o<p.
dy _e™a(x—a)(x—B)

5 , and there are sign changes about x=a and x=p.
2
dx (1+x?)
In conclusion, y has a maximum or a minimum value if |a| <1.
Obviously, ax’*-2x+a=0 hasnosolutionif A<O0 or [a>1.
a=1/2 a=1 a=2
y y yA
3]
2 3
2|
~— | T
— 2
-1 0 1 2 3 4 5 6
3 2 1 0 1 2 3 x
-1

._‘
<y

2x 2x _ _ (b—2a)/b
W y= e , dy e (2bx+221 b):0 :>x:b 2a’y:2e
a+bx dx (a+bx) 2b b
_ (b—2a)/b
For the given stationary value we have : 0= b-2a 1 = 2 = a=2,b=4.
2b 2 b
2X 2x
For these values ofa, b y= € , d_y = L&()z £ /
2+4x dx (2+4x) . /
When x isslightly lessthan 0, y’<0. 3 /
When x isslightly greater than 0, y’>0. 2
(0,1/2) is a minimum point. ¥
(i) y=¢&* y=a" 3 2 aN o 1 2 3 X
Atthe point (h, k) onthe curve, k=€ y'=ae™. 1
The gradient from (0, 0) to (h, k) is k/h. .. k/h=ae™=ak ’
h=1/a or k=0.
When k=0, e"=0, h=-0 (@a>0) or h=+xn (a<0) (rejected)
When h=1/a k=e""=e, (hk)=(l/a,e) m=ae™=ae
Eqg. of tangent : y—e=ae(x-1/a) or y=aex.

O<k<ae ifa>0

kx=¢e . .
ae<k<0 ifa<0

ax PN {y:eax (1)

which has no root if {
y=kx (2)




(x-1y° , (X +5)(x 1) ., 24(x-1)
. f(x)= ff(x)=——— f =
19. f(x) (x11) @) (x) (x+1) (2) (x) XD’ (©)
(@) When x—-1, y—oo, therefore x=-1 is a vertical asymptote.
l 3
3 1-—
m = tim %) _ jim (()(—11))2 =Iim( 1‘1 =1,
X—0 X X—)OOX X+ X—w
)
2 1

3 3 2 2 -5+———
c:lim(—(x 1)2—szlim((x D —x(x+1) J:Iim X 2L iy x X _ 5
(x+1) (x+1) (1+)

(x+1)
.. y=x-5 isanoblique asymptote of the graph y =f(x) .
(b) (i) When x=-5 f(x)=0, f”(X)=-9/16<0. (-5,-13.5) isa local max. point.
When x=1, f”(x)=0 and changes sign across the value, (1, 0) is a point of inflexion.
(i) Substitute y=x-5 in(l), (x-=5)(x+1)*=(x-1)° x=-1/3.

X—>0! X—0

(_5’_?6j is the the intersection of the graph

y =f(x) and its oblique asymptote.
(©) (d)

/
4
/
0 %
7
4
’ /
7
5 /
Ve /
/ Vi
15 10 5| of 10 15 x 7
/
s Va
7
13 /
S %
/ o/
’ "1
yd 15 10 5 o, 10 15 x
TN\ /
7 K /
/
/
/
Z \ e
4 \ /
7 K
x ifx>0

20. (i) Counterexample : f(x) = { Then f(x)>f(y) if x>y Butf’(x)isnotdefinedat x=0.

0 ifx<0

(i)  True. Proof: f'(x) = IimM >0, since f(x)-f(h) and x-h are of the same sign.

X—h X — h
s fO)-fly) _..
(iii) True. Proof: f’(x)>0 forallx = =f'(§)>0, y<&<x, byMean Value Theorem.
= f(x) >f(y) whenever x>y.
f(x)-f(y)

(iv) True.Proof: f’(x)>0 forallx — =f'(§)>0, y<&<x, byMean Value Theorem.

= f(x)>f(y) whenever x>y.



